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where the coefficients are as formerly. We note particularly that Pilx) >0,
%o is chosen at pleasure so long as it is integrable and retains a fixed sign ag 5|
varies from a to b. Equations (5) can be solved for the functions y; successjvelyr':f;
choosing each time any particular solution. We have a set exactly like that
obtained from (3) only in reverse order. In other words we have a function ¥
such that the change in the number of nodes of y; on the interval 0 to » when

x increases from a to b is the number of roots of y.(x) on the interval a to p or
exceeds that number by an even integer, neither a nor & being a root of Valz), -

We next write

pﬂl(x)y:i-l'l'qi+1(x)}fi+l+ri+l}'t'+l=)"i’+P|‘(x)}'i ; [5)
where p>0. If

?::-1+2lP|'P:'+I+ (Pt P:)Pi-f-i_g:+l_PiQ’i+1+fi+l= 0 M

by actual substitution it is seen that (6) is satisfied by a function which in turg
satisfies an equation of the type,

-RH1(x}y:'+1+SH1(x)}'i-|-1=:v':‘ y (8)

where Rii=piy and Sii=gi1—Pipipa—p'ir. We solve (8) and have a
sequence of functions which are a solution of (6) and at the same time a Budan
sequence.

We can proceed to equations of higher differential order with a condition on
the coefficients similar but naturally somewhat more complicated than the
above.

A CROSS-DIVISION PROCESS AND ITS APPLICATION TO
‘ THE EXTRACTION OF ROOTS

By DERRICK HENRY LEHMER, University of California

The computer is sometimes confronted with the problem of dividing by a
number that is too large to fit in his calculating machine. In this paper we
shall present an effective method of overcoming this difficulty, which was used
by the writer in calculating the value of the Napierian base to 707 places of
decimals, and also give an adaption of the division process for extracting’
square roots.

There are methods which serve to find the decimal value of a fraction whose
denominator is less than twice the key-board capacity of the calculating
‘machine. For a ten-place calculator these methods are of practical use up to
perhaps 17-digit denominators. The division method given herewith will be
found most useful for denominators beyond this range.
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The method is virtually the reverse of a cross-multiplication method given
Sv D. N. Lehmer ( 1923, 67) which may be briefly described as follows. Suppose
Fve are given two large numbers A and B, whose product is required. We
lyreak up A and B into equal periods of convenient length. Thus:

Asﬂ-l,ﬂﬂ,ﬂ-s,ﬁi,ﬂ-ﬁ' =1

.B=|31,|31,f33,54,|55' B

s represent the numbers making up the several periods

v}here the a’s and the 8’

o2= a8+ a2b1 os= a3+ azfz+ asbi
! ou= 018n+ G2Bnaat + + * FanaaBet aaf1.
The multiplication then assumes this form:
A =4a), oz, 03, @4, 05,08 " LI
B=ﬁl,ﬁ2:ﬁisﬁ‘!ﬁﬁpﬁl =

T a3 o§

U! a-‘ u" a = "

C=AB=7172 73 Y6 YeYe -
These o's are of course two-period numbers and are written on two lines so as
to allow for overlapping . The y’s are formed by adding the periods that appear
in the two lines directly above. '
For division the process is exactly the reverse; W& are given the fraction
C/A and we wish to imd the quotient B. In other words we are given the a’s
and the 4's from which we are to deduce the 8's.
The general plan of attack is as follows. Since the first period of o3 is approxi-

mately equal to y; we can determine 8, from the relation

o =ﬂ-151 .
Enowing 8;, the exact value of ¢, is found by multiplication. Now, since we
know the last period of 03, we obtain the first period of o= by subtracting irom
vs. Using this value as an approximation to gs, We determine 3, from the

relation
o2 =a]ﬁ:~+ﬂsﬁ:-

 Having determined 8, this same equation enables us to find the exact value
of o4, the last period of which is used to find, from 7, the oirst period of o3 from

" which B; is to be determined from the relation
os=a18:3+asf2+asbs

and so on.
























